INTRODUCTION
One of the main ways volcanologists categorize the volume and explosivity of the world's major volcanic eruptions is through the analysis of tephra distribution. This is because tephra deposits retain a large amount of important information related to the dynamics and physical parameters of the associated volcanic eruptions (e.g., Pyle, 1989; Walker, 1973) . One of the most important parameters that can be derived from the analysis of tephra deposits is the erupted volume, which is essential for the assessment of the associated hazards (e.g., Volcanic Explosivity Index, VEI; Newhall and Self, 1982) . Nonetheless, the calculation of erupted volume is complicated by (1) the nonuniversal relationship of the deposit thinning with distance from the vent, (2) the poor preservation and accessibility to signifi cant parts of tephra deposits (limited outcrops and/or tephra dispersal often over large water bodies), and (3) the diffi culty in extrapolating thickness decay patterns of the medial portion of deposit, which is typically well preserved, to both proximal and distal areas. Several empirical volume calculation methods have been proposed over the past 40 years, ranging from the analysis of crystal/glass ratio of large pumices to various integration methods of thickness-versusdistance-from-the-vent relations, such as the two segments on a log-log plot, the trapezoidal rule, and the recent methods based on the exponential and power-law thinning on a semilog plot (see Fierstein and Nathenson [1992] , Bonadonna and Houghton [2005] , and Gonzalez and De la Cruz
[2010] for a review). As an alternative, calculation of erupted mass has also been approached by solving an inverse problem for tephra loads through the use of both analytical and computational advection-diffusion models (e.g., Connor and Connor, 2006) . These inversion strategies are very promising, but require larger computational resources and have intrinsic limitations mainly related to (1) the diffi culty of describing deposition in the very proximal area (dominated by column dynamics) and medial to distal area when dominated by aggregation, and (2) the common assumption of a uniform wind profi le. In contrast, the integration of the thicknessversus-distance relationship based on various assumptions is of easier and faster application, but each empirical method has proved specifi c limitations. In particular, the exponential integration has been a subject of lively debate, as it was suggested that, even though the empirical fi t of one or two exponential segments displays a good agreement with some tephra deposits, the volume can be signifi cantly underestimated when the distal data are missing (e.g., Nathenson, 1992, 1993; Pyle, 1989 Pyle, , 1995 Rose, 1993) . In fact, more recent studies have shown that well-preserved tephra deposits do not follow a simple exponential decay because distal ash settles differently (e.g., Rose, 1993; Sparks et al., 1992) . The power-law fi t and the use of at least three exponential segments were introduced to better describe the thinning of well-preserved deposits (Bonadonna and Houghton, 2005) . In addition, numerical models also indicate a much more gradual deposit thinning than predicted by one or two exponential segments, especially for eruptions that produce large amounts of both volcanic ash and lapillus-size particles (Bonadonna et al., 1998; Sparks et al., 1992) . However, three segments cannot always be identifi ed, especially for poorly preserved deposits, and the powerlaw fi t cannot be integrated between zero and infi nity. This paper presents a new fast empirical method, the fi t of deposit thinning through a Weibull distribution, which combines the advantages of the exponential and power-law fi t of thickness-versus-distance data on semilog plots.
EMPIRICAL DESCRIPTION OF TEPHRA-DEPOSIT THINNING
Volumes of tephra deposits can be derived from the following relationship:
where T and x are the thickness and the square root of the isopach area A, respectively. A relationship between T and x can be empirically determined from fi eld observations. Here we propose a new method based on the assumption of a Weibull distribution between thickness and square root of isopach areas, which reconciles the positive features of the exponential and power-law methods. Specifi cally, the function xT(x) can be described by an even more general distribution (e.g., log-logistic), but the Weibull distribution is chosen because it represents a generalization of the exponential distribution, has the minimum number of parameters (three free parameters), and appears to be able to reproduce a large number of observations. The Weibull method is based on the assumption that thickness scales with square root of the isopach area according to the following relationship:
where λ represents the characteristic decay length scale of deposit thinning (typically expressed in kilometers), θ represents a thickness scale (typically expressed in centimeters; note that θ = e·T(λ) where e ≈ 2.718 denotes the Euler-Napier constant), and n is a shape parameter (dimensionless). For n = 1, the exponential relationship for xT(x) is recovered [for an alternative formulation that recovers exactly the exponential thinning for T(x) see Appendix DR1 in the GSA Data Repository 1 ]. In accordance with Equations 1 and 2, the volume of tephra deposits can be calculated as
where θ, λ, and n can be empirically determined from observations
RESULTS
The Weibull method was applied to 33 tephra deposits associated with a VEI between 1 and 6, and the new estimates were compared with those of previous methods (Table 1 ; see also the Data Repository). The error associated with the empirical fi t of observed thickness (i.e., relative mean square error, RMSE) was calculated for all techniques (i.e., exponential, power-law, and Weibull). When multiple exponential segments were used, the average error among the different segments was considered. In addition to RMSE, we have also accounted for a 10% error associated with the compilation of isopach maps, as derived from the specifi c case study of Cotopaxi volcano (Biass and Bonadonna, 2011) . For the power-law method, the RMSE and the error related to the compilation of isopachs were added to the relative error due to the choice of different distal integration limits (see Table 1 ). Nonetheless, such a total mean error does not account for uncertainty due to paucity of data (e.g., lack of proximal or distal data). In fact, scarce data are typically associated with low fi tting error, but with high uncertainties. Uncertainties associated with the lack of information are discussed below. In order to fi nd the best fi t for the Weibull distribution of tephra-deposit thinning, a range needs to be chosen for each parameter θ, λ, and n. Our data set indicates that the best initial ranges for θ, λ, and n are 0.1-1 GSA Data Repository item 2012116, Tables DR1-DR3 , Figures DR1-DR4, Appendix DR1 (alternative formulation for recovering exponential thinning for n = 1), a description of the Weibull-method spreadsheet, and a Weibull method Excel spreadsheet (template for the calculation of erupted volume and mass based on the integration of the Weibull fi t), is available online at www.geosociety.org/pubs/ft2012.htm, or on request from editing@geosociety.org or Documents Secretary, GSA, P.O. Box 9140, Boulder, CO 80301, USA. Note: Decreasing volcanic explosivity index (VEI) is indicated by alternating shading. Estimated uncertainty (mean error) is also indicated in parentheses (see text for details). Weibull fi tting was obtained using the software Grace. Number of isopach contours, number of exponential segments, and absolute value of power-law exponent (m) are also indicated in square brackets. Distal limits for the power-law integrations are 700-1000 km for VEI 5 and VEI 6; 300-500 km for VEI 4, VEI 3, and VEI 2; 25-50 km for VEI 1; proximal integration limit is calculated as in Equation 7 of Bonadonna and Houghton (2005) . Volume derived with other methods (other than exponential, power-law, and Weibull integrations) are described in Bonadonna and Houghton (2005) , with the exception of the following: a Fontana Lapilli: derived solving an inverse problem for mass/area using TEPHRA2. Agnano-Monte Spina (AMS) Layer B1 and D1: derived solving an inverse problem for both mass/area and grain size using HAZMAP (Costa et al., 2009 ). e Cotopaxi Layer 3 and 5: derived solving an inverse problem for mass/area using TEPHRA2 (Biass and Bonadonna, 2011) . f Pululagua: derived solving an inverse problem for both mass/area and grain size using TEPHRA2 (Volentik et al., 2010) . g Cerro Negro 1992: derived solving an inverse problem for mass/area using TEPHRA2 (Connor and Connor, 2006) ; erupted mass (3.5 × 10 10 kg) was converted into volume based on an average deposit density of 1170 kg m −3 (C.B. Connor, 2011, personal commun.) . h Vesuvius A.D. 512: derived using one exponential segment (Cioni et al., 2011). i Etna 1971: calculated by Booth and Walker (1973) . j Etna 1998: derived solving an inverse problem for mass/area using both TEPHRA2 and FALL3D (Bonadonna and Costa, 2012) .
All references and Weibull parameters (θ, λ, n) are described in Table DR1 (see text footnote 1).
as doi:10.1130/G32769.1 Geology, published online on 19 March 2012 5000 cm, 0.1-1000 km, and 0.2-2, respectively. Best-fi t parameters are chosen minimizing the following residual:
where w i are weighting factors, N is the number of data points, and T i (obs) and T i (calc) represent the observed and calculated thickness values, respectively. Weighting factors w i depend upon the distribution of random errors in the dependent variable. When w i = 1, all values have same weight (i.e., uniform error), and therefore, larger thicknesses have greater effect on the best fi t. When w i = 1/T i 2 (obs), the relative squared errors are minimized (i.e., proportional error). The use of w i = 1/T i (obs) is a compromise between minimizing the uniform and proportional errors. In our calculations, we used w i = 1/T i 2 (obs), except for Askja D, Montserrat (26 September 1997), and Vesuvius AP3-B1, for which we used w i = 1/T i (obs). Generally, the best weighting factor is the one that yields a random residual plot with no functional dependencies.
The Weibull function gives an excellent fi t for all deposits analyzed. Figures 1A-1C show some selected examples of different VEIs and different scales of square root of isopach area. All the studied cases are reported in Figure DR1 in the Data Repository. The Weibull function is more fl exible than a fi t with multiple exponential segments, as it does not require the arbitrary choice of both position and number of straight segments (e.g., Ruapehu 1996 in Fig. 1D ) and, similarly to the power-law fi t, can reproduce the natural thinning curvature when data are missing (e.g., proximal thinning of Taupo A.D. 186; Fig. 1D ). With respect to the power law, the Weibull method shows a less gradual thinning and a better fi t of the actual data (Fig. 1D) , and does not depend on the integration extremes as it can be integrated between zero and infi nity. Volumes estimated based on the integration of the Weibull function are mostly in between the volumes estimated by integrating the exponential fi t and the power-law fi t (Table 1) , refl ecting the typical Weibull-type thinning that is more gradual than the exponential but more rapid than the power law (Fig. 1D) . The two Weibull empirical parameters λ and θ are strongly related to the eruption characteristics, with λ being a measure of the rapidity of thinning and, therefore, increasing with the erupted volume (Figs. DR2 and DR3 ). In particular, λ is <20 km for all small and moderate eruptions (i.e., VEI ≤3; Fig. DR3 ), while θ tends to increase with a decrease of λ within each VEI class (Figs. DR2 and DR3).
Following the method described by Bonadonna and Houghton (2005), a sensitivity analysis was carried out on two deposits of different magnitude (i.e., Ruapehu 1996 and Novarupta CDE 1912) to investigate the sensitivity of the Weibull integration when proximal, medial, and distal data are sequentially removed ( Fig. DR4 ; Tables DR2 and DR3 ). For the Ruapehu 1996 test (VEI 2), when most proximal or most distal data are removed, the Weibull method tends to underestimate by ~50% of the volume calculated based on the complete data set, whereas, when only the medial are missing, and therefore the tails of the thinning are better described, the Weibull function overestimates by only 14% (Table DR2) . Bonadonna and Houghton (2005) had already shown that the exponential integration of various segments underestimates the volume by ~40%-70% in all cases investigated, and the power-law integration is relatively stable when medial and distal data are missing, but overestimates up to nearly fi ve times when proximal data are removed. The same test carried out on a larger deposit generated by the Novarupta CDE 1912 eruption (VEI 5) shows that discrepancies are within a similar order of magnitude (Table DR3 ). In particular, the Weibull integration results in discrepancies of −58% and 99% when proximal and distal data are removed, respectively. Finally, the exponential integration method depends on two or more parameters (i.e., coeffi cient and exponent for each of the exponential segments) and the power-law integration method depends on four parameters (i.e., coeffi cient, exponent, and two arbitrary integration extremes). In contrast, the Weibull integration method depends on three parameters only (i.e., λ, θ, and n), and therefore, the deposit thinning can be described with at least three points distributed over the whole distribution. As an example, differences in volume derived from the Weibull integration in the case when only three points are considered (one in proximal, one in medial, and one in distal area) are 40% and 18% for the Ruapehu 1996 and Novarupta CDE 1912 cases, respectively.
DISCUSSION AND CONCLUSIONS
The determination of tephra-deposit volumes is crucial to the characterization of active volcanoes, with obvious implications for environmental and climatic impact, estimation of magma production rate, long-term hazard assessments, and forecasting of future eruptions. Unfortunately, all empirical methods used to derive erupted volume based on integration of deposit thinning strongly depend on the available data. In fact, thinning of distal deposits cannot be easily extrapolated based on the thinning of the proximal deposit because distal and proximal sedimentation are controlled by different regimes (i.e., laminar to turbulent; Bonadonna et al., 1998) . For this reason it is very important to assess uncertainties related to each volume estimation method. The errors associated with the exponential and the Weibull fi t are comparable as doi:10.1130/G32769.1 Geology, published online on 19 March 2012 (Table 1) . However, our sensitivity tests indicate that the Weibull function is less sensitive when proximal, medial, or distal data are missing. In fact, when data are not well distributed or only a few isopach contours are available, uncertainties are typically larger than errors reported in Table 1 (typically up to ~100%; see Tables DR2  and DR3 ). Moreover, the multiple-exponentialsegment method tends to drastically underestimate the error when only few points are used for each segment. Finally, the 10% error we considered for the subjective compilation of isopach maps has to be considered as a minimum estimation, and further studies are needed to better characterize it (e.g., Cioni et al., 2011) . Concerning the comparison with other empirical methods, data fi tting with one or more exponential segments on a semilog plot is straightforward but requires an arbitrary choice of segments and can often underestimate the volume by a factor of 2.5 when proximal and/or distal data are missing (e.g., Pyle, 1995; Bonadonna and Houghton, 2005 ; this work). In contrast, the power-law fi t can better reproduce the natural thinning of tephra deposits, but cannot be integrated between zero and infi nity and can significantly overestimate the volume (up to a factor of 5-6) when proximal or distal data are missing (Bonadonna and Costa, 2012; Bonadonna and Houghton, 2005 ; this work). In detail, the powerlaw method is very sensitive to the proximal integration extreme for small deposits (i.e., mostly VEI ≤3; power-law exponent >2; Table 1 ) or the distal integration extreme for large deposits (i.e., mostly VEI >3; power-law exponent <2; Table 1 ) (Bonadonna and Costa, 2012) . In brief, the use of the Weibull method is recommended because it shows a better fi t with observed thinning and, similarly to the power-law function, it reproduces the natural gradual thinning of tephra deposits even when there are only a few data points available (i.e., when only one exponential segment can be identifi ed), but is associated with smaller errors than the power-law method when large parts of the deposit are missing in either the proximal or distal area (typically within a factor of 2). The method can be implemented by using several free software packages (e.g., Grace, Gnuplot, R), but we have also compiled a Microsoft Excel ® template for the easy calculation of both erupted volume and mass in case thickness and mass/area data are used, respectively (see the Excel fi le in the Data Repository). All bulk volumes can be easily converted into erupted mass, and therefore magnitude, if the deposit density is known. Nonetheless, due to the typical large uncertainties described above, volume and magnitude of explosive eruptions cannot be considered as absolute values regardless of the technique used. It is important that various empirical and analytical methods are applied in order to assess such an uncertainty.
